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In this Letter, we discuss the concept of the nonlinear Landau damping rate, v, of a driven electron
plasma wave, and provide a very simple, practical formula for », which agrees very well with results
inferred from Vlasov simulations of stimulated Raman scattering. v actually is more complicated an
operator than a plain damping rate, and it may only be seen as such because it assumes almost constant
values before abruptly dropping to 0. The decrease of v to 0 is moreover shown to occur later when the
wave amplitude varies in the direction transverse to its propagation.
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As is well known, in a collisionless plasma, and in the
linear regime, an electron plasma wave (EPW) with phase
velocity vy accelerates the electrons of initial velocity
vy < vy, and decelerates the other ones. If this leads to
an overall acceleration of the electrons by the wave, as, for
example, in an initially Maxwellian plasma, then because
of energy (or momentum) conservation, the plasma wave
damps at a rate, v, first derived by Landau in his famous
1946 paper, Ref. [1]. Landau damping is therefore a non-
collisional, linear phenomenon, which is actually primarily
due to the nearly resonant electrons, those such that |v, —
vyl = v, /k, where k is the plasma wave number.

A nonlinear counterpart of »; was first calculated by
O’Neil in Ref. [2], who considered an electron plasma
wave of constant and uniform amplitude, E,, which grew
infinitely quickly in an initially Maxwellian plasma. When
wp > v, where wg = yJekEy/m, —e being the electron
charge and m its mass, most of the nearly resonant elec-
trons are trapped and oscillate in the wave trough. Within
one oscillation period, a trapped electron neither gains nor
loses momentum in the wave frame, so that the mechanism
which gave rise to Landau damping vanishes, and so does
the damping rate after a few oscillations at a frequency
close to wg, as shown by O’Neil.

Despite the countless number of papers written on the
subject since these two seminal works were published, we
are not aware of any simple analytic expression, supported
by numerical simulations, for the nonlinear noncollisional
damping rate of an EPW whose amplitude may arbitrarily
vary in space and time. This is what we provide in this
Letter, in the limit of nonrelativistic electron motion and
slow variation of the wave amplitude. We moreover focus
on driven plasma waves since our work was primarily
motivated by recent numerical [3,4] and experimental [5]
papers on stimulated Raman scattering (SRS) reporting
reflectivities far above what could be inferred from linear
theory, with direct implication to inertial confinement fu-
sion. This so-called “’kinetic enhancement” was attributed
to the nonlinear reduction of the Landau damping rate,
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although no theory, nor analytic formula, was available to
support this assumption. The present Letter fills this gap.
Before proceeding, it is necessary to clarify what one
means by the “nonlinear Landau damping rate” of a wave
which, since it is driven, grows. Actually, the driven EPW
accelerates electrons exactly the same way as if it were
freely propagating, which hampers its growth, and one
would like to account for this through an effective damping
rate that could be used in an envelope equation. More
precisely, when the EPW and driving electric fields are,
respectively, EEPW = E,singpXx and Edrive = E cos(p +
S@)k, with |E 40.E, | < d,.0 =k |E,}0,E, | <
—d,¢0 = w, and §¢ K ¢, one would like to write the
following envelope equation for the EPW amplitude,

E, +v,0,E, + vE, = E;co8(8¢)/d,xbtny (1)

where v is called the (nonlinear) Landau damping rate of
the driven plasma wave. Actually, the nonlinear envelope
equation of an EPW has already been derived in Ref. [6],
and is, when Re(y) = —1 and |Im(y)| < 1,

Im(y)E, — k™ '0,E, = E;cos(8¢) )

where y is the electron susceptibility, y = ipo/(eokEy),
po and E, being, respectively, the complex amplitudes of
the charge density, p, and of the total longitudinal electric
field, i.e., Egpw + Egive = Eoge'® + c.c. and p = pye’® +
c.c. In this Letter, we derive a theoretical expression for
Im(y) showing that Eq. (2) can indeed be cast in the form
of Eq. (1) and provide explicit formulas for all the coef-
ficients of this equation. The accuracy of our theoretical
estimate for Im(y) can be appreciated in Fig. 1(a), while
the nonlinear variations of the coefficients of Eq. (1) are
illustrated in Figs. 1(b)-1(d).

Let us first assume that the total longitudinal field am-
plitude, E,, is uniform, while its time variation is such that
IT| = |Ej'd,El < wpe, Where w, is the plasma fre-
quency. For a freely propagating plasma wave, when v; <<
wpe, the Landau damping rate may be estimated using
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FIG. 1 (color online). Panel (a), Im(y) calculated numerically
(blue solid line) and theoretically using for Im( )(per) a st order
(green dashed line) or an 11th order (red dashed-dotted line)
perturbation analysis; panel (b), the nonlinear Landau damping
rate normalized to the plasma frequency from a 1st order (blue
solid line) or an 11th order (green dashed line) perturbation
analysis; panel (c), d, Xty normalized to its linear value and,
panel (d), the EPW group velocity (blue solid line) and phase
velocity (red dashed line) normalized to the thermal one.

the  expansion Im[y(w — iv;)] = Im{y(w — i0)] —
v 0,Re(y). Then, Im(y) =0 yields »; = Im[y(w —
i0)]/d,Re(x). Here, we would like to make a similar
expansion to get

Im[y(w + il")] = Im[ (@ + i0)] + '0 , Xinv- 3)

When E, > E,;, which is typically the case for SRS (see
Ref. [7] for a detailed discussion), I' = E;'d,E, =
E, 'd,E »- Hence, plugging Eq. (3) into Eq. (2) would yield
the envelope Eq. (1) with v = Im[ y(® + i0)]/9, X’y In
order to calculate Im(y), we use the expression, y =
—i(kAp)~*(e”'¢)/®, derived in Ref. [6], where Aj is the
Debye length, ® = ¢E,/kT,, T, being the electron tem-
perature, and

. 1 m [+ )

@y = [" [T fevnetdear @)
27T —a J —

where f is the electron distribution function, and ¢ may be
seen as a dynamical variable such that, for each electron,
do/dt = kv — w, where v is the electron velocity. Let us
first give an estimate of (e~ ¢) obtained through the means
of a first order perturbation analysis. This amounts to using
the following expansion ¢(x,1) = ¢y + (v) — vy)T +
0, where 7 = kApw,.t, velocities are normalized to the
thermal one, vy, = Apw,., and, at O order in the time

variations of v,

pe>

S = — [T [" D(&)e 0O dédu + c.c. 4)
0 Jo

where we have denoted w = vy — v4. As shown in

Ref. [6], deeply trapped electrons do not contribute
to Im(y), and one may therefore calculate Im(y) by
only accounting for electrons with initial velocity
lvg — vyl >V, where V,=max{0,[4wp/(mkvy)][1 -3/
Jiwp(u)dul}. Then, using the expansion, (e '¢) =
(—idpe @0ty we find

A T iw(é—1)
(e7®)=i fl e, ﬁ ﬁ D(&)e folw+vy)dudédw
(6)

where f is the electron distribution function in the limit
® — 0. When @ monotonically increases as a function of
time, f is the electron distribution function at t = 0, i.e.,
the unperturbed one (usually a Maxwellian). However,
when ® decreases to 0 after reaching high enough a value
to induce nonlinear electron motion, perturbation analysis
only makes sense if one uses for f the electron distribution
function in the limit t — +o0, and integrates the electron
motion from ¢ = +o0 by taking advantage of the time-
reversal invariance of the dynamics. Then, as explained in
Ref. [6], fj is nearly symmetric with respect to v, in the
interval |v, — v¢| = max(V);) (as illustrated, for example,
in Fig. 4 of Ref. [8]). This implies that once trapped,
electrons never contribute to Im(y) again, even after being
detrapped. Equation (6) may therefore be simplified by
using for f; the unperturbed distribution function and by
replacing V; by max(V;). Such a simplification will be
implicitly used throughout the remainder of this Letter.
In order to derive an expression similar to Eq. (3) for
Im(y), we now use the decomposition (¢ ¢y = I, + I,
with

I = fi(vge) /;T ’[Ou D(¢) [IWIZV iwe™ € Ddwdédu (7)

12 — lf [T [” (D(é':)eiw(f—f)
lwl=v, JO JO

X [folw + vy) — wfi(vy)ldwdédu. (8)

Provided that (d®/d7),—, may be neglected, integrating
Eq. (8) by parts yields, at first order in the time variations of
(D9

Re (12) = 2% W3 (9)

dd j‘ fow +vy) —wfy(vy) dw
wl=V,

= —(kAp)*(d®/dD)(dx}/dw) (10)

where the integral in Eq. (9) has to be taken in the sense of
Cauchy’s principal part when V; = 0.

Setting V;, = 0 in Eqgs. (7) and (9) just yields the linear
value of Im(y). Then, x| is just the adiabatic approxima-
tion of the linear value of Re(y). As for I;, since
[iZiwe™ ¢ Ddw = 279,8(¢ — 7), where & is the
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Dirac distribution, one easily finds I, = 7f{(vy)®(7).
Hence, in the linear limit, Im(y) = —m(kAp) " 2f}(vy) +
I'd, x}, which has the same form as Eq. (3). Therefore,
Eq. (2) may indeed be cast in the same form as Eq. (1), with
Xew = x| and v = —m(kAp)*f((v4)/, X}. The pre-
ceding linear value of v is just the Landau damping rate,
vy, in the limit v; <K Wpe. Hence, our linear calculation is
one derivation of the Landau damping rate which does not
resort on complex contour deformation.

In the nonlinear regime, and when V; ! is much smaller
than the typical time scale of variation of ®, 74, integrating
Eq. (7) by parts yields

Re (1) = filv )[4V, 1dD/dT + O(V 3D /d7?)].
(11)

Hence, when V; > T%l which, for a slowly varying wave

is typically the case when [wgdr>> 1, Re(l) is nearly
proportional to d®/dr. As a consequence, Im(y) is nearly
proportional to I" and, in Eq. (1), » = 0. Physically, the
decrease of v towards O is due to the trapping of the nearly
resonant electrons, which no longer contribute to » while
oscillating in the wave trough, just like in the situation
considered by O’Neil. When [wgdr>> 1, Im(y) may
therefore be approximated by Im(y) = I'd, x.; where
Xbi 1s the real part of some effective susceptibility ob-
tained by removing the contribution of the deeply trapped
electrons. How to calculate d,, . very accurately, without
resorting to perturbation theory is explained in Ref. [6].
Note that the /; term which, in the linear limit, yields the
damping rate v, renormalizes the term 9, xZ%,, in Eq. (1)
when [wpdt > 1. In the strong damping limit, when
vy, > I, d,xL,, may then increase by more than 1 order
of magnitude, as illustrated in Fig. 1(c). As for the per-
turbative estimate Im(,,) of Im(y), yielding Egs. (7) and
(9), it is valid provided that [ wgdr =< 1. Hence, in order to
get an expression of Im(y) whatever the wave amplitude,
we just need to connect the values of Im(y) obtained when
1,, = [wpdt < 1,and when I, > 1, the following way,

Im (X) = Im(Xper)[l - Y(ImB)] + Faw/\/gffy(lwg) (12)

where Y is a function rising from O to 1 as /,,, increases.
From the preceding equation, we then derive

Xy = (1 =Y) X x|+ Y X xly (13)

v=—-YX (kAD)_ZRe(Il)/[q)angnv]- (14)

To complete our calculation, we now need to provide a
practical formula for /;, simpler than Eq. (7), and to specify
a choice for the function Y in Eq. (12). Let us first consider
the case when I’ is a strictly positive constant, which is a
relevant limit since our theory is only for slowly varying
wave amplitudes. As shown in Ref. [6], when the EPW
grows exponentially with time, I'd, y&,, is very close to
Im(y) whenever I,,, > 6 and quickly diverges away from it
when 7, < 6. Hence, Y must be such that Im(y) defined

by Eq. (12) quickly changes from Im(y,) to I'd, x&ny
when [, increases from a little less than 6 to a little
more than 6. This is the case if we choose Y(x) =
tanh®[(¢*/® — 1)3]. Moreover, such a choice for Y yields
an excellent agreement between the theoretical values of
Im(y) and those inferred from test particles simulations
(not shown here). This is therefore the choice we make in
the general case. With such a choice, whenever v is not
negligible in Eq. (1), x&w = x{, so that Eq. (14) my be
replaced by

v ==Y X (kAp) 2Re(I))/[®d, X}l (I5)

As for I}, when I is a strictly positive constant, one easily
finds

JIS{)GEEJI;)) - q)(T)I:W - 2tan_1<%) n

where y = I'/kApw,.. In order to generalize the preceding
formula, we use the expansion Re(/}) = f((vy)[7P(7) +
81,] and find, from Eq. (16), 81, = —(4/3)(V,/y)? when
V; <y, while when V, < 7' Eq. (7) yields &I, ~
—4(V3/3) [5 [& [§ D(&)dE dédu. Hence, while for an
exponential ~ growing  wave y=® dd/dr =
®/ [ Pdr, we find that, when V; < T;l, Eq. (16) still
holds in the general case provided that y is expressed in
terms of the time integral of ®. When V, > v, Eq. (16)
yields Re(l}) = 4y®f((v4)/V,, which is the same as
Eq. (11) provided that y = ®~'d®/dr. Having clarified
the actual meaning of 7y in Eq. (16), we may generalize this
equation by plugging into it

O(7) — O(r — 7/V))
Ir O (u)du

T—m/V,

2yV,
y2 + V[2

| ao

Y (17)

which has the required properties y = ®/ [ ®d7 when
Vi< 7,', and y = d®/dr when V, > 7' Equations
(15)—(17) therefore yield a practical expression for v
which, as shall be seen, is quite precise. The accuracy
can even be improved by using the high order perturbative
results of Ref. [6] to derive Im(xpe,) and therefore Re(7;).
We will not show here the corresponding huge formulas,
but Fig. 1(b) illustrates the improvement.

The previous results are easily generalized to account for
one dimensional (1D) space variations of the EPW ampli-
tude. Indeed, by using a Fourier expansion of the charge
density then, as shown in Ref. [6], one finds

Im(x) = v + L9, xenw — kldxxeny T Re(x)/k]  (18)

where k = E;'0,Ey = E},d,E,, and v and x%,, are still
defined by Eqs. (13)—(17) except that /,, , v, and max(V))
need now be evaluated in the wave frame. As a conse-
quence, I, assumes its lowest values at the rear of the
plasma wave packet, making Landau damping more effi-
cient there, in agreement with the numerical results of
Ref. [9]. Plugging Eq. (18) into Eq. (1), we find, pro-
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vided that [1 + Re(y)] = 0, the following expression for
the EPW group velocity, v, = = xtny/ 9 Xeny = @/k —
2/[kd , Xty ). Tt is noteworthy that, since in the nonlinear
regime & # Re(y), v, # dw/dk. Actually, since
9 Xtny May reach values much larger than in the linear
limit, the nonlinear value of v, may get quite close to the
EPW phase velocity, as shown in Fig. 1(d).

We now compare our theoretical calculations against
direct 1D Vlasov simulations of SRS using the Eulerian
code ELVIS [4]. In our numerical simulations, which are
detailed in Refs. [4,7], the EPW results from the interaction
of a pump laser, entering from vacuum on the left (x = 0)
and a small-amplitude counterpropagating ‘““‘seed” light
wave injected on the right. Using a Hilbert transform of
the fields, one can numerically calculate the ratio
[E;cos(b¢) + k~'d,E,]/E,, which yields a first, numeri-
cal, estimate of Im(y). From Vlasov simulations, one can
also extract the values of all the quantities, such as
I, V..., which enter our theoretical formula for Im(y).
Using these values, we calculate a second, theoretical
estimate, for Im(y). Both these estimates are compared
in Fig. 1(a). The simulation results of Fig. 1 correspond to a
plasma with electron temperature, 7, = 5 keV, and elec-
tron density n = 0.1n., where n,. is the critical density. The
total length of the simulation box is L = 270A;, where
A; = 0.351 pum is the laser wavelength, and the data of
Fig. 1 were measured at x = 154 ;. The laser intensity is
I, = 4 X 10" W/cm? while the seed intensity is I, =
10731, and the seed wavelength is A; = 0.609 um. As
can be seen in Fig. 1(a), there is very good agreement
between the theoretical and numerical values of Im(y),
especially as regards the decrease of Im(y) from its linear
value. Clearly, as defined by Eq. (14), v is much more
complicated an operator than a plain damping rate.
However, as shown in Fig. 1(b), v is nearly constant before
abruptly dropping to O so that it may indeed be seen as a
damping rate.

The variations of v are very different from the oscillating
result found by O’Neil because, in this Letter, we consider
slowly varying waves inducing a nearly adiabatic electron
motion. As a consequence, electrons with the same initial
velocity are all trapped nearly simultaneously, which en-
tails a much more efficient and sudden reduction of Landau
damping than in the situation considered by O’Neil.
Moreover, in a very recent paper, Ref. [10], a simple model
was proposed to calculate the nonlinear damping rate
of a driven plasma wave, provided that the EPW amplitude
is uniform and strictly grows with time, a situation we
already investigated in Ref. [6]. The theoretical results
are compared against Vlasov simulations where the driv-
ing electric field is imposed, and constant. In Ref. [10],
v is calculated from Vlasov simulations using the formula,
v=E ;cos(6¢)/(E,d,Xtn) — I, where I' is the EPW
growth rate and where 9, y&,, is derived using quasilinear

theory, which yields values of 9, y.,, significantly differ-
ent from our nonlinear ones whenever we predict v = 0.
Numerically (but not theoretically), v is found in Ref. [10]
to initially assume nearly constant values, which agrees
with our findings, and then to oscillate in time just as I'
does, thus indicating that E,/E, has become nearly pro-
portional to I' and, therefore, that Landau damping has
become negligible. From the data published in Ref. [10],
we infer that this happens when wgzt = 10, which is con-
sistent with our predictions. Hence, our theory seems to
agree with the numerical results of Ref. [10]. Moreover,
when testing our former theoretical results, Ref. [6], for a
growing wave, the authors of Ref. [10] actually solved
Egs. (48) and (49) of Ref. [6], which only hold for small-
amplitude waves, and therefore did not take advantage of
our nonperturbative formulas.

In a 3D geometry, Im(y) is just the statistical average,
over all the transverse velocities ¥, of the expression
Eq. (18), where all the quantities which enter the theoreti-
cal formulas for v and yx.,, are evaluated in the frame
moving at velocity (w/k)X + ¥, with respect to the labo-
ratory frame. If the transverse extent of the EPW is much
less than its longitudinal one, then it is clear that, for the
same maximum wave amplitude, 1, assumes smaller
values than for a plane wave. As a consequence, linear
theory is valid up to larger wave amplitudes in 1D than
in 3D.

In conclusion, we derived a very precise theoretical
estimate of Im(y) for a slowly varying electron plasma
wave that we compared against results obtained from
Vlasov simulations of SRS. From the expression of
Im(y), we deduced the group velocity and the nonlinear
Landau damping rate, v, of the EPW and provided a
practical expression for » that may easily be generalized
to allow for 3D space variations of the waves.
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